Abstract: In our paper, the theory of bi-integrable and tri-integrable couplings is generalized to the discrete case. First, based on the six-dimensional real special orthogonal Lie algebra SO.4/, we construct bi-integrable and triintegrable couplings associated with SO.4/ for a hierarchy from the enlarged matrix spectral problems and the enlarged zero curvature equations. Moreover, Hamiltonian structures of the obtained bi-integrable and tri-integrable couplings are constructed by the variational identities.
Introduction
An integrable coupling of a given system u t D K.u/ D K.x; t; u; u x ; u t ; u xx ; u xt ; u t t ; /
is a triangular integrable system of the following form [1] :
where u is a function of variables t and x, u x D @u @x and u t D @u @t
. If S is nonlinear with respect to the second dependent variable v, the integrable coupling is called nonlinear.
A bi-integrable coupling of a given integrable system (1) is an enlarged triangular integrable system of the following form [2] Similarly, by a tri-integrable coupling, we mean an enlarged triangular integrable system of the following form [2] :
u t D K.u/; u 1;t D S 1 .u; u 1 /; u 2;t D S 2 .u; u 1 ; u 2 /; u 3;t D S 3 .u; u 1 ; u 2 ; u 3 /:
Integrable couplings correspond to non-semisimple Lie algebras N g, and such Lie algebras can be written as semidirect sums [3] : N g D g ] g c ; g se mi si mple; g c solvable:
The notion of semi-direct sums N g D g ] g c means that g and g c satisfy OEg; g c Â g c , where OEg; g c D fOEA; B j A 2 g; B 2 g c g, with OE ; denoting the Lie bracket of N g. Obviously, g c is an ideal of N g. The subscript c indicates a contribution to the construction of coupling systems. We also require the closure property between g and g c under the matrix multiplication: gg c ; g c g Â g c , where gg c D fAB j A 2 g; B 2 g c g.
Integrable couplings are effective tools for describing and explaining nonlinear phenomena of new evaluation equations. The study of integrable couplings generalizes the symmetry problem and other integrable properties of integrable equations. To enrich multi-component integrable equations, it has been an important task to explore more integrable properties for multi-integrable couplings. For example, one can find work on the integrable couplings [4] [5] [6] . It is always interesting to explore any new procedure for generating integrable couplings for different soliton hierarchies, even from existing non-semisimple Lie algebras.
The trace identity provides a powerful tool for constructing Hamiltonian structures of the hierarchies, which is proposed by Tu Guizhang [7, 8] . It is based on the Killing form on a semisimple Lie algebra. On a non-semisimple Lie algebra, the Killing form is always degenerate, and thus, the trace identity is no longer applicable. Recently, a variational identity is proposed in the theory of integrable couplings, which can be used to obtain the Hamiltonian structures in the case of non-semisimple Lie algebras [9] [10] [11] .
Searching for integrable couplings of systems will become more and more meaningful to discuss the structures of integrable systems. To generate integrable couplings, bi-integrable couplings and tri-integrable couplings of soliton hierarchies, Ma Wenxiu propose a new way to generate integrable couplings through a few classes of matrix Lie algebras consisting of block matrices [2] . Recently, bi-integrable couplings and tri-integrable couplings for the Kdv hierarchy and the AKNS hierarchy have been studied considerably [12, 13] . Bi-integrable couplings of new soliton hierarchies associated with SO.3/ and SO.4/ have been constructed [14, 15] .
In this paper, we will construct bi-integrable and tri-integrable couplings associated with SO.4/ for a hierarchy from the enlarged matrix spectral problems and the enlarged zero curvature equations. Our work is essentially motivated by [15] [16] [17] .
2 Bi-integrable couplings and Hamiltonian structures 2.1 Bi-integrable couplings associated with SO.4/ We take the class of 3 3 block matrices in the form of
where˛is an arbitrary nonzero constant and A, A 1 and A 2 are square matrices of the same order. In the following, we define the corresponding non-semisimple Lie algebra N g by a semi-direct sum The corresponding matrix product reads
with C , C 1 and C 2 being defined by The soliton hierarchy introduced in [16] has a spectral problem
with the spectral matrix U given as
Based on this special non-semisimple Lie algebra N g. /, we choose the corresponding enlarged spectral matrix N U 1 D M 2 .U; U 1 ; U 2 / and the following supplementary spectral matrices: 
In order to solve the enlarged stationary zero curvature equation
V 1 and V 2 are defined similarly
It now follows from the enlarged stationary zero curvature equation
The above equation system equivalently leads to 
Now, we define the enlarged Lax matrices N V
Solving the enlarged zero curvature equations
we get bi-integrable couplings of the soliton hierarchy in [16] :
where 
Hamiltonian structures
In this section, in order to generate the Hamiltonian structure of the hierarchy (13), we use the corresponding variational identity [19] 
where f ; g is a required bilinear form, which is symmetric, non-degenerate, and invariant under the Lie bracket. 
Following the properties of the matrix F 1 : 
where Á 1 ; Á 2 ; Á 3 ; r 1 ; r 2 are arbitrary constants. We choose r 1 ¤˙r 2 , then we easily have
In order to get the Hamiltonian structure of the Lax integrable system, we define a bilinear form fa; bg on R 18 as follows:
Now we can compute that
and furthermore, we use the formula [19] :
to obtain that D 0. Applying the corresponding variational identity, we obtain the following Hamiltonian structure for the hierarchy of bi-integrable coupling (13) :
with the Hamiltonian operator 
Based on (10), (11) , (12), a direct computation yields a recursion relation
where
with 
and
Tri-integrable couplings and Hamiltonian structures 3.1 Tri-integrable couplings associated with SO.4/
We take the class of 4 4 block matrices in the form of
whereˇ, , are arbitrary nonzero constants and A, A 1 , A 2 and A 3 are square matrices of the same order. In the following, we define the corresponding non-semisimple Lie algebra N g. / by a semi-direct sum The corresponding matrix product reads with C , C 1 ,C 2 and C 3 being defined by We will adopt the following enlarged spectral matrix to construct tri-integrable couplings for SO.4/ hierarchy
with U D U.u; / being defined as in (3), U 1 , U 2 are defined by (4) and (5), also the supplementary spectral matrix U 3 reads We take
where V; V 1 ; V 2 are defined by (6), (7) and (8) It now follows from the enlarged stationary zero curvature equation
D 0; m 0, we get tri-integrable couplings of the soliton hierarchy in [16] :
Hamiltonian structures
In this section, in order to generate the Hamiltonian structure of the hierarchy (28), we also use the corresponding variational identity [19] 
with R.b/; R 1 .b/ and R 2 .b/ being defined by (15) , (16) and (17), and 
Following the properties of the matrix
, we have where˝is the Kronecker product and Á 1 ; Á 2 ; Á 3 ; Á 4 ; r 1 ; r 2 are arbitrary constants. We choose r 1 ¤˙r 2 , then we easily have det.
In order to get the Hamiltonian structure of the Lax integrable system, we define a bilinear form fa; bg on R 24 as follows:
Now, it is easy to compute that We use the formula (19) , and find that D 0. Applying the corresponding variational identity, we obtain the following Hamiltonian structure for the hierarchy of tri-integrable couplings ( Based on (24), (25), (26), (27), a direct computation yields to the recursion relation
where the recursion operator N L 2 is given by
with L 1 and L 
